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Ž .In this paper we first show that L  -averaging domains are invariant under
some mappings, such as K-quasi-isometries and -quasi-isometries. Then we prove
Ž .that John domains are L  -averaging domains for any  satisfying the condi-
Ž .tions in the definition of L  -averaging domains.  2001 Academic Press
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1. INTRODUCTION
Domains and mappings are studied in many different fields, such as
ordinary and partial differential equations, potential theory, and nonlinear
 elasticity; see 5, 9, 1416 . In recent years remarkable advances in study-
ing different domains, mappings, and their properties and applications
 have been made: see 1, 2, 4, 614 , for example. In this paper, we show
Ž .that L  -averaging domains are invariant under quasi-isometries. We
Ž .also prove that John domains are L  -averaging domains.
Throughout this paper, we always assume that  is a connected open
subset of  n. Balls are denoted by B and  B is the ball with the same
Ž . Ž .center as B and with diam  B   diam B . Also, we do not distinguish
balls from cubes throughout this paper. The n-dimensional Lebesgue
n  measure of a set E is denoted by E . We call w a weight if
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1 Ž n.w L  and w 0 a.e. For a function u we denote the -averagel oc
1  over B by u  H ud. The following definition appears in 4 .B,  B BŽ .
n sŽ .DEFINITION 1.1. We call a proper subdomain  an L  -aver-
Ž .aging domain, s	 1, if     and there exists a constant C such that
1s 1s1 1s s   u
 u d  C sup u
 u dH HB B , 0 , ž / ž /   BŽ . Ž . B4 B
s Ž .for some ball B  and for all u L ;  . Here the supremum is0 l oc
over all balls B with 4B. Throughout this paper  is a measure
Ž .defined by d w x dx.
  sŽ . Ž .In 2 L  -averaging domains are generalized to the following L  -
averaging domains.
DEFINITION 1.2. Let  be a continuous increasing convex function on
 . Ž . n  Ž .0, with  0  0. We call a proper subdomain  an L  -aver-
Ž .aging domain if     and there exists a constant C such that
1 1
     u
 u d C sup   u
 u dŽ .Ž .H HB ,  B , 0   BŽ . Ž . B4 B
1.3Ž .
Ž  . 1 Ž .for some ball B  and all u such that  u  L ;  , where the0 l oc
Ž . Ž .measure  is defined by d w x dx, w x is a weight,  ,  are
constants with 0  1, 0  1, and the supremum is over all balls
B with 4B. The factor of 4 here is for convenience, and in fact
 these domains are independent of this expansion factor; see 4, 14 .
DEFINITION 1.4. Let  1. We say that w satisfies a weak reverse
Ž .Holder inequality and write wWRH  when there exists constants¨
	 1 and C 0 such that
1	1 1
	w dx  C w dx 1.5Ž .H Hž /   B BB  B
for all balls B with  B.
Ž .  In fact, the space WRH  is independent of  1; see 10 .
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DEFINITION 1.6. The quasi-hyperbolic distance between x and y in 
is given by
1
k x , y  k x , y ;   inf ds, 1.7Ž . Ž . Ž .H d z , 
 Ž .
Ž .where  is any rectifiable curve in  joining x to y and d z, 
 is the
Euclidean distance between z and the boundary of .
Gehring and Osgood prove that for any two points x and y in  there is
 a quasi-hyperbolic geodesic arc joining them; see 7 . The quasi-hyperbolic
metric provides a useful substitute for the hyperbolic metric. Applications
 can be found, for example, in 68, 14 . We will show that it also plays an
Ž .important role in describing the L  -averaging domains. The following
 theorem appears in 2 .
Ž .THEOREM 1.8. Assume that wWRH  . Let  be a continuous
 . Ž . Ž . btincreasing conex function on 0, with  0  0 and  t  e for some
Ž .0 b  and t	 1. Then  is an L  -aeraging domain if and only if
 k x , x d Ž .Ž .H 0

for each x in  and for some  0.0
DEFINITION 1.9. We say that a weight w satisfies the A -condition,r
Ž .where r 1, and write w A  whenr
r
11 1
1Ž1
r .sup w dx w dx  ,H Hž / ž /   B BB BB
where the supremum is over all balls B.
 The following result is proved in 2 without using Theorem 1.8 and the
Ž .fact that a ball B is an L  -averaging domain.
LEMMA 1.10. Let B be any ball in  with center x and radius r. Then1
1
 k x , x dM ,Ž .Ž .H 1 BŽ . B
where M is a constant independent of B and the constant  0 is small
enough.
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Ž .2. SOME MAPPINGS OF L  -AVERAGING DOMAINS
DEFINITION 2.1. A mapping f defined in  is said to be a K-quasi-
isometry, K 1, if
1 f x 
 f yŽ . Ž .
  K 2.2Ž .
 K x
 y
for all x, y.
LEMMA 2.3. Let f :  be a K-quasi-isometry. If w A , thenr
Ž Ž ..w f x  A .r
LEMMA 2.4. Let f :  be a K-quasi-isometry. If  and  are
Ž Ž .. Ž .measures defined by d w f x dx and d w x dx, respectiely, then
1
n D   D  K  D , 2.5Ž . Ž . Ž . Ž .nK
Ž .where D and D f D .
 The above Lemmas 2.3 and 2.4 are used in 3 to prove that the
sŽ .L  -averaging domains are preserved under K-quasi-isometries. These
two lemmas also make Theorem 1.8 applicable to the proof of the
Ž .following Theorem 2.6 which says that the L  -averaging domains are
also preserved under K-quasi-isometries.
THEOREM 2.6. If f :  is a K-quasi-isometry and  is an
Ž . Ž .L  -averaging domain, then  is an L  -averaging domain, where 
and  are defined in Lemma 2.4.
Proof. Since f is a K-quasi-isometry,
1
n J f  K , a.e., 2.7Ž . Ž .nK
Ž .where J g is a Jacobian of f. Let  be a quasi-hyperbolic geodesic arc
Ž .joining x to y in  and set   f  . Then
d f x , 
  inf f x 
 u  inf f x 
 f tŽ . Ž . Ž . Ž .Ž .
u
 t


1   
1   
1	 inf K x
 t  K inf x
 t  K d x , 
 .Ž .Ž .
t
 t

2.8Ž .
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Ž .From 2.8 we obtain
k f x , f y ; Ž . Ž .Ž .
ds K 2 ds
2   K k x , y ;  . 2.9Ž . Ž .H Hd f z , 
 d x , 
Ž . Ž .Ž .  
Ž Ž .. Ž .Note that w f x  A from Lemma 2.3 and  is an L  -averagingr
domain. Hence, by Theorem 1.8, there exists a constant 	 0 such that
 	k x , x ;  d . 2.10Ž . Ž .Ž .H 0

2 Ž . Ž . Ž .Now choose  	K . By 2.9 , 2.7 , and 2.10 we have
 k f x , f x ;  dŽ . Ž .Ž .Ž .H 0

  k f x , f x ;  w f x dxŽ . Ž . Ž .Ž .Ž .Ž .H 0

  	k x , x ;  w x J f dxŽ . Ž . Ž .Ž .H 0

 K n  	k x , x ;.  dŽ .Ž .H 0

 .
Ž .So  is again an L  -averaging domain by Theorem 1.8.
As a matter of fact, we can extend Theorem 2.6 to a class of more
 general mappings, the so-called -quasi-isometry; see 16 .
 .  .DEFINITION 2.11. Let : 0,  0, be a homeomorphism with
Ž . t 	 t. An embedding f : X Y is said to be a -quasi-isometry if

1     x
 y  f x 
 f y  x
 yŽ . Ž .Ž . Ž .
for all x, y X.
Obviously, Theorem 2.6 is a special case of -quasi-isometry when
Ž . Ž . t  Kt, K 1 f is also called a K-bi-Lipschitz map . We prove the
following result:
THEOREM 2.12. Theorem 2.6 is still true if f :  is a -quasi-isome-
 Ž .  Ž .try with m  t M and  0  0, where m, M are positie real
numbers.
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 Proof. For any x, y, x
 y  . By the Mean Value Theorem,
Ž  . Ž   Ž . Ž .Ž  there exists  0, x
 y , such that  x
 y 
 0   x
 y
.
 0 . Thus,
     m x
 y  
 y M x
 y , 2.13Ž .Ž .
 Ž .   .since m  t M for all t 0, .
1 1
1Ž . Ž . On the other hand,    t  , due to the homeomorphism
M m
property of . Therefore, we have
1 1

1     x
 y  x
 y  x
 y . 2.14Ž .Ž .
M m
Ž . Ž .Combining 2.13 and 2.14 , we obtain the inequality
1
   x
 y  f x 
 f y M x
 y ,Ž . Ž .
M
which is just the case of Theorem 2.6.
If a homeomorphism f :  Rn is a K-quasi-isometry, then it is a
 K-quasi-conformal mapping; see 16 . Lemma 2.4 and Theorem 2.6 show
Ž .that the A weights and L  -averaging domains are invariant under ther
K-quasi-isometry. Then, naturally, one would ask whether K-quasi-confor-
mal mappings also have the same properties. The answer is ‘‘No.’’ Staples
  s14 shows that L -averaging domains are not inariant with respect to the
n  Ž .quasi-conformal self mappings of  . Obviously, neither is an L  -aver-
Ž . s Ž .aging domain. In fact, we may choose  t  t , the weight w x  1, and
Ž .   nthe measure  with d w x dx. In 2 it is shown that if f :  
Ž . is a K-quasi-conformal mapping and  is an L m -averaging do-
main, where m is an n-dimensional Lebesgue measure, then  is an
Ž . Ž . Ž .L  -averaging domain with d J f dm and J f is the Jacobian
determinant of f. Now we show that the inverse of this result is also true.
Ž .THEOREM 2.15. Let f be a K-quasi-conformal mapping of an L  -aer-
aging domain  n onto a proper subdomain  Rn, where  is a
Ž . Ž .measure defined by d J f dx and J f is the Jacobian of f. Then  is
Ž .an L m -aeraging domain, where m is the Lebesgue measure.
Ž . Ž .Proof. Let x , x and write y f x , y  f x . By Theorem 3 in0 0 0
 5 , we have
k f x , f x ;   C max k x , x ;  , k  x , x ;  , 2.16Ž . Ž . Ž . Ž . Ž .Ž . Ž .0 1 0 0
1Ž1
n.  Ž .where  K  1. Since  is an L  -averaging domain, by
Theorem 1.8 there exists a constant 	 0 such that
 	k x , x ;  d . 2.17Ž . Ž .Ž .H 0

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Let  be a constant with 0  1 and choose min 	C ,1
Ž . 41
  	C . By the fact that  is convex and increasing, we have1
 k y , y ;  dyŽ .Ž .H 0

  C k x , x ;  C k  x , x ;  J f dxŽ . Ž .Ž .ŽH 1 0 1 0

  
1 C k x , x ; Ž .ŽH 1 0


1  1
   1
  C k x , x ;  J f dxŽ . Ž . Ž . Ž ..1 0
   
1 C k x , x ;  J f dxŽ . Ž .Ž .H 1 0


1  1
    1
  C k x , x ;  J f dxŽ . Ž . Ž . Ž .Ž .H 1 0

   	k x , x ;  d 1
   	k  x , x ;  d.Ž . Ž . Ž .Ž . Ž .H H0 0
 
2.18Ž .
 Ž . 4 c  Ž . 4Let A x  k x, x ;   1 and A  x  k x, x ;   1 .0 0
Then
 	k  x , x ;  dŽ .Ž .H 0

  	k  x , x ;  d  	k  x , x ;  dŽ . Ž .Ž . Ž .H H0 0
cA A
  	 d  	k x , x ; Ž . Ž .Ž .H H 0
cA A
  	     	k x , x ;  . 2.19Ž . Ž . Ž . Ž .Ž .H 0

Ž . Ž . Ž .Combining 2.18 , 2.19 , and 2.17 yields
 k y , y ;  dy  	     	k x , x ;   .Ž . Ž . Ž . Ž .Ž . Ž .H H0 0
 
We have completed the proof of Theorem 2.15.
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3. JOHN DOMAINS
sŽ .From the above definition we see that L  -averaging domains are
Ž . Ž . sspecial L  -averaging domains when  t  t in Definition 1.2 and
s Ž  . Ž .that L -averaging domains see 14 are also special L  -averaging
Ž . sdomains when  t  t and  is the Lebesgue measure, that is, d dx.
Also, bounded uniform domains are John domains, and John domains are
Ls-averaging domains. Hence, if  is a John domain, then  is an
Ž . sL  -averaging domain with  t . Now we prove the stronger result: if
Ž . is a John domain, then  is an L  -averaging domain for any 
satisfying the condition in Definition 1.2. We will need the following
   Lemmas 3.1 and 3.2 which appeared in 10 and 2 , respectively.
LEMMA 3.1. Let  n be a John domain; then there exists a coering
V of  consisting of open cubes such that:
Ž . Ž . Ž . ni Ý  x N x ,  1, x .QV  Q  
Ž . Ž .ii There is a distinguished cube Q  V called the central cube0
which can be connected with eery cube Q V by a chain of cubes
Q , Q , . . . , Q Q from V such that for each i 0, 1, . . . , k
 1,0 1 k
QNQ .i
n ŽThere is a cube R  this cube does not need to be a member ofi
.V such that
R Q Q and Q Q NR .i i i1 i i1 i
 .LEMMA 3.2. Let  be an increasing conex function on 0, and D be a
domain in  n. Then
1 1
    a u
 u d  2 a u
 c dŽ .Ž .H HD ,  D  DŽ . Ž .D D
for any constant c and any positie constant a.
THEOREM 3.3. Let  be a John domain and w A . Then  is anr
Ž .L  -aeraging domain, where  is any continuous increasing conex func-
 . Ž .tion on 0, with  0  0 and where the measure  is defined by
Ž .d w x dx.
Proof. By Lemma 1.10, there exists a constant  0 such that
1
 k x , x d C 3.4Ž . Ž .Ž .H Q 1 QŽ . Q
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for all cubes Q n, where C is a constant and x is the center of the1 Q
cube Q. Let
1
k  k x , x dŽ .HQ 0 QŽ . Q
Ž .and x be the center of Q . Choose c k x , x in Lemma 3.2. From0 0 0 Q
Ž .Lemma 3.2 and 3.4 we have
1
  	 k x , x 
 k dŽ .Ž .H Q Q QŽ . Q
1
  2	 k x , x 
 k x , x dŽ . Ž .Ž .H Q 0 Q QŽ . Q
1
  k x , x d C , 3.5Ž . Ž .Ž .H Q 1 QŽ . Q
since  is increasing. Here 	 2. We use the notations and the
covering V described in Lemma 3.1 above and the properties of the
Ž . Ž .measure d x  w x dx: If w A , thenr
 NQ MN nr Q 3.6Ž . Ž . Ž .
n Ž  .for each cube Q with NQ see 6 and
max  Q ,  Q MN nr Q Q 3.7Ž . Ž . Ž . Ž .Ž .i i1 i i1
Ž .for the sequence of cubes Q , Q , i 0, 1, . . . , k
 1, described in ii . Byi i1
the fact that  is convex and increasing, we have
	
 k x , x 
 k dŽ .H Q Q 0ž /2
1 1
   	 k x , x 
 k d  	 k 
 k dŽ . Ž .Ž .H HQ Q Q Q 02 2 
1
  	 k x , x 
 k dŽ .Ž .Ý H Q Q2 QQV
1
   	 k 
 k d. 3.8Ž .Ž .Ý H Q Q 02 QQV
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Ž . Ž .The first sum can be estimated by 3.5 and the condition i in Lemma 3.1.
 	 k x , x 
 k d C  Q  C N  . 3.9Ž . Ž . Ž . Ž .Ž .Ý ÝH Q Q 1 2
QQV QV
Ž .Now we estimate the second sum in 3.8 . Fix a cube Q V and let
Ž .Q , Q , . . . , Q Q be the chain from i . Then we have0 1 k
k
1
   k 
 k  k 
 k . 3.10Ž .ÝQ Q Q Q0 i i1
i0
Ž . Ž .From 3.5 and 3.7 we obtain
  	 k 
 kŽ .Q Qi i1
1
   	 k 
 k dŽ .H Q Qi i1 Q QŽ . QQi i1 i i1
MN nr
   	 k 
 k dŽ .H Q Qi i1max  Q ,  QŽ . Ž .Ž . QQi i1 i i1
i1 1
 C  	 k x , x 
 k dŽ .Ý H ž /3 0 Q j QŽ . Qj jji
 C 2  C  C .3 1 4
Thus,
  
1 
1k 
 k  	  C  C .Ž .Q Q 4 5i i1
Ž Ž ..Since QNQ for j i, i 1, 0 i k
 1 see ii , we havej
 k 
 k  x  C  x .Ž . Ž .Q Q Q 5 NQi i1 i
Ž .Using the above inequality and 3.10 , we have
k
1 k
1
   k 
 k  x  k 
 k  x  C  x .Ž . Ž . Ž .Ý ÝQ Q Q Q Q Q 5 NQ0 i i1 i
i0 i0
Ž .Applying  to the above inequality and using i in Lemma 3.1 yield
    	 k 
 k  x   	 k 
 k  xŽ . Ž .Ž . Ž .Q Q Q Q Q Q0 0
k
1
  	C  xŽ .Ý5 NQ iž /
i0
  	C  xŽ .Ý5 NRž /
RV
  	C  N x .Ž .Ž .5 
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Ž .Now any point x is in at most N cubes Q in V by condition i ; thus
    	 k 
 k d  	 k 
 k dŽ . Ž .Ý ÝH HQ Q Q Q  Q0 0
Q QQV QV
  	C  N x dŽ .Ž .Ý H 5   Q
QQV
  	C  N   Ž . Ž .Ý 5  Q
QV
  	C N    N. 3.11Ž . Ž . Ž .5
Ž . Ž . Ž .Substituting 3.9 and 3.11 into 3.8 , we obtain
	
 k x , x 
 k dM .Ž .H Q Q 10ž /2
Finally, since  is increasing and convex, we have
	
 k x , x dŽ .H 0ž /4
	 	
  k x , x 
 k  k dŽ .H 0 Q Q0 0ž /4 4
1 	 1 	
  k x , x 
 k d  k dŽ .H H0 Q Q0 0ž / ž /2 2 2 2 
1 1 	
 M   k    .Ž .1 Q 0ž /2 2 2
Ž .By Theorem 1.8,  is an L  -averaging domain.
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